
International Journal of Rock Mechanics & Mining Sciences 123 (2019) 104126

Available online 3 October 2019
1365-1609/© 2019 Elsevier Ltd. All rights reserved.
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A B S T R A C T   

Although lattice spring models (LSMs) have been increasingly applied in the study of rock fracturing and rock 
failure, it is still difficult to accurately reproduce high ratios of the uniaxial compressive strength to the tensile 
strength of rock materials. In this work, a feasible solution is developed for the four-dimensional lattice spring 
model (4D-LSM) that overcomes this shortcoming by incorporating a multibody failure criterion. The stress 
tensor of a spring bond is determined by the local deformation state between this bond and its neighboring spring 
bonds, which is further used to judge its failure state using a stress-based strength model. Then, a cohesive zone 
model is introduced to describe the postfailure stage of the spring bond. The performance of the proposed so-
lution in reproducing the high ratio of the uniaxial compressive strength to the tensile strength of rock materials 
is demonstrated via numerical tests. Enriched by the multibody failure criterion, 4D-LSM is demonstrated to 
solve a broader range of practical problems that involve rock failure.   

1. Introduction 

The ratio of the uniaxial compressive strength to the uniaxial tensile 
strength (UCS/T ratio) of a material is considered one of the most 
important indicators of its mechanical properties. For example, a unified 
strength criterion1 was developed based on the UCS/T ratio for many 
types of materials, including rocks, ceramics, and metals. For 
continuum-based numerical methods, such as the finite element method 
(FEM), it is straightforward to reproduce the designed UCS/T ratio since 
it is an input of the constitutive model. However, for 
discontinuum-based numerical methods, such as the discrete element 
model (DEM) and the lattice spring model (LSM), it is typically difficult 
to reproduce the high UCS/T ratio that is observed in rock materials. For 
DEM, insufficient grain interlocking and rotational resistance of circu-
lar/spherical particles cause the low UCS/T ratio.2–6 To tackle this 
problem, many solutions have been developed. These methods can be 
divided into geometry-based approaches and constitutive-model-based 
approaches. 

The most representative geometry-based approach is the clumped 
particle scheme that was developed by Cho et al.4 for characterizing 
mineral crystals inside rocks. The internal particle bonding strength of a 
clumped particle has a higher strength compared to the particles along 
the boundary of the clumped particle. By modifying the mechanical 
parameters of the clumped particle model, the UCS/T ratio of DEM has 
been successfully increased to 14.29. Another typical approach is to use 

polygonal particles to consider the grain interlocking. For example, 
Kazerani and Zhao5 used polygonal particles to characterize the mi-
crostructures of rock materials. Uniaxial compression and Brazilian disk 
tests were used to test the polygonal particle model, according to which 
the UCS/T ratio that was obtained by the polygonal particle model was 
consistent with the corresponding experimental results. Directly map-
ping the realistic rock microstructure is another a possible solution. For 
example, Zhao et al.6 successfully reproduced the high UCS/T ratio 
(12.35) by using the distinct lattice spring model (DLSM) to construct a 
computational model that was based on a microscope polarized digital 
image of a fine-grained rock. These geometry-based approaches are easy 
to understand and to implement. However, there are several short-
comings. For example, Ding and Zhang7 found that for DEM, the UCS/T 
ratio could only increase slightly in a small range if some spherical 
particles were replaced by polyhedral block particles, and it is necessary 
to introduce more complex particles. Moreover, the use of particles with 
complex shapes might lead to heterogeneity, anisotropy and scale ef-
fects, which further complicate the correlation between the micro pa-
rameters of the discrete model to the corresponding experimentally 
measured mechanical parameters, such as the elastic modulus, the 
Poisson’s ratio, the friction angle, and the cohesion.8 Furthermore, the 
pre-processing that is involved in these approaches is typically 
cumbersome and the corresponding computational cost is high. There-
fore, reports on the use of approaches of this type in practical applica-
tions are rare in the literature. 
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In addition to modifying the geometries of the particles, a high UCS/ 
T ratio can also be realized by modifying the connections between 
particles, which can be regarded as another type of geometrical 
approach. For example, Sch€opfer et al.9 found that the UCS/T ratio was 
related to the number of bonds between particles in DEM. A high UCS/T 
ratio can be obtained by removing the bonds between some of the 
particles, which can simulate the micro-crack structure inside the rock. 
Particles without bonds in the model cannot withstand tensile and shear 
stresses; however, they can withstand compressive stress, thereby 
increasing the UCS/T ratio at the macro level. Via this approach, Ding 
and Zhang7 doubled the UCS/T ratio of a particle DEM model that was 
built by PFC3D but still failed to reach the experimentally observed 
value. Researchers have also attempted to increase the interlocking 
between particles by increasing the number of bonds between particles 
in DEM.3,10,11 This method can increase the UCT/S ratio to more than 
20.3,12 However, this approach causes the bonded DEM to fail to 
reproduce the correct elastic boundary value problem prior to failure.13 

The constitutive-model-based approach is more flexible because it 
does not require pre-processing of a complex computational model for 
considering the internal microstructure of rock. For example, Potyondy2 

modified the contact model between particles in PFC to reduce the 
rotation effect of the bonds between particles by eliminating the normal 
and tangential stresses that are caused by the bending moment or tor-
que, thereby delaying the break of the bonds, which successfully 
reproduced the UCS/T ratio of diorite. Ding and Zhang14 proposed a new 
contact model that considers the effects of the moment of the normal and 
tangential stresses on contact failure. Their results demonstrated that 
the moment, cohesion and tensile strength were three key input pa-
rameters that affect the model’s UCS/T ratio. Fakhimi15 proposed a 
constitutive model of micro-overlapping discs, in which slight overlaps 
of the discs that constitute the computational model are permitted, and 
he reproduced an UCS/T ratio of up to 9.95 using sufficiently small 
particles. Wu and Xu16 developed a plane contact model in PFC for 
addressing the low UCS/T ratio of DEM. In their model, the interaction 
between particles was represented as a contact between two imaginary 
surfaces, which were divided into several elements. It was more 
convenient to obtain realistic UCS/T ratios of rock materials by modi-
fying the constitutive model. Nevertheless, additional parameters and 
operations were typically required in these modified constitutive 
models, which further complicates the computations and the parameter 
calibration process. Moreover, DEM with these modified constitutive 
models might produce unstable numerical results in the postfailure stage 
of rock. 

For LSMs, recent studies have focused on overcoming the Poisson’s 
ratio limitation using various models, such as DLSM17 and the 

four-dimensional lattice spring model (4D-LSM),18 among other 
models.19,20 Although LSMs have many advantages and are convenient 
for handling the crack propagation of brittle materials,19–22 the models 
are unable to reproduce the high UCS/T ratios of rock materials.23 Due 
to the difference in the discretization strategies between LSM and DEM, 
these new constitutive models for DEM cannot be directly implemented 
into LSMs such as the newly developed 4D-LSM. The objective of this 
study is to develop a more general and straightforward solution for the 
low UCS/T ratio problem of 4D-LSM. We start from a simple macro-
scopic mechanical analysis of the reason for the low UCS/T ratio of the 
discrete model (DEM and LSM). On this basis, a multibody failure cri-
terion for the spring bond is developed for solving the low UCS/T ratio 
problem. Following this, the performance of this scheme is evaluated via 
numerical simulation of uniaxial compressive and tensile tests. Finally, 
typical problems that are related to rock failure are analyzed and 
compared with the corresponding experiential observations to further 
evaluate the applicability of the proposed solution. 

2. Mechanical analysis of the low UCS/T ratio problem 

A classical explanation of the low UCS/T ratio problem of DEM is its 
insufficient representation of grain interlocking in rock materials. Since 
this is a microscopic interpretation, solutions that are based on this 
mechanism are limited in terms of generalization as follows: The UCS/T 
ratio cannot be a direct input parameter but should be indirectly 
controlled by other factors such as the particle geometry and additional 
constitutive parameters with micromechanical meanings. Here, we use a 
cubic unit model to macroscopically analyze the mechanical response of 
rock under uniaxial tension and uniaxial compression (see Fig. 1). For 
the continuum-based model (see Fig. 1a), assuming we are following the 
basic definitions of elastic mechanics, the compressive stress is negative 
and the tension stress is positive. In the tension and compression state of 
the unit, the ultimate stresses in the loading and lateral directions can be 
expressed as ðσ*

t ;0Þ and ð � σ*
c ; 0Þ, respectively, where the tensile 

strength σ*
t and the compressive strength σ*

c are independent material 
parameters. Therefore, the UCS/T ratio can be an input parameter for 
these continuum-based models. As shown in Fig. 1b, if we represent the 
material unit using a discontinuum-based (discrete) model that only 
considers the central pair interaction, the interaction force between two 
particles can be expressed as 

F¼ ku (1)  

where F is the interaction force between two particles, k is the spring 
stiffness, and u is the spring deformation. Under uniaxial tension or 
uniaxial compression, the unit body is in a simple strain state. For a 
specified axial stress, the force of the spring bond can be expressed as 

F¼ kð εxl εyl Þ ⋅ ð cos θ sin θ ÞT ¼
σlk
E
ðsin θ � ν cos θÞ (2)  

where E is the elastic modulus of the material, ν is the Poisson’s ratio of 
the unit, θ is the angle between the bond and the horizontal direction, σ 
is the axial stress of the unit, and l is the length of the bond. We denote 
the tensile strength of the bond as F*

t and assume that macroscopic 
failure of the material unit will occur only if at least one spring bond 
satisfies the bond’s failure criterion. In addition, we assume that the 
spring bond is randomly distributed and the bond orientation can be any 
value from 0 to 180�. Under this assumption and according to Eq. (2), 
under tension loading, the most critical spring bond angle is θ ¼ 90∘. 
Then, the relationship between the macroscopic tensile strength and the 
spring tensile strength can be expressed as 

σ*
t ¼

F*
t E
lk

(3) 

Since the tensile strength of the spring bond can be related to the 

Fig. 1. Mechanical analysis models of a material under uniaxial tension and 
uniaxial compression: (a) The continuum-based approach and (b) the 
discontinuum-based approach. 

G.-F. Zhao et al.                                                                                                                                                                                                                                 



International Journal of Rock Mechanics and Mining Sciences 123 (2019) 104126

3

Fig. 2. Lattice structure of 4D-LSM and the calculation of the bond stress tensor. (a) Illustrations of 1D to 4D lattices and (b) particle clusters for calculating the bond 
stress tensor. 

Fig. 3. Brazilian disc numerical test by using 4D-LSM. (a) The computational model and boundary conditions, (b) analytical results from Hondros25 and 4D� LSM, (c) 
a σx stress contour, and (d) a σy stress contour. 
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ultimate tensile deformation as u* ¼
F*

t
k , the ultimate tensional defor-

mation of the spring bond can be further expressed as 

u*¼
σ*

t l
E

(4) 

Eq. (4) provide a basis for the selection of the tensile parameter in 
DLSM. Zhao22 has demonstrated the applicability of this formula. The 
relationship between the spring deformation between two particles and 
the stress intensity factor is found to be correlated by Jiang et al.,21 

which further supports that the simple ultimate deformation rule for a 
spring bond can handle cracking. Based on the same assumption and a 
similar principle, the uniaxial compressive strength of the material unit 
can be further expressed as 

σ*
c ¼ �

F*
t E

vlk
(5) 

According to this equation, the uniaxial tensile and compressive 
strengths of the discrete model are correlated. Substituting Eq. (3) into 
Eq. (5), UCS/T ratio of the unit can be expressed as 
�
�
�
�
σc

σt

�
�
�
�¼

1
v

(6) 

For rock materials, the Poisson’s ratio is approximately 0.2–0.33. 
Then, the UCS/T ratio that is predicted by Eq. (6) is between 3 and 5, 
which is similar to the range that is predicted by DEM and LSM without 
special treatment. The tensile strength criterion F � F*

t for the spring 
bond is controlled by the bond’s deformation, which is relevant to the 
strain-based strength criterion. That is a historical problem of material 
strength theory. According to Yu,24 the strain-based strength model was 
withdrawn from history due to the inconsistency between its predicted 
results and experimental results. From this perspective, researchers who 
are working on discrete models are unconsciously reversing this 
conclusion on the microscopic level. For a discrete model, from a 
macroscopic perspective, the strain-controlled strength criterion is 
inevitably implicitly applied if the tensile failure of the spring bond is 
considered independently, which could lead to a low UCS/T ratio. If we 
can apply the stress-based strength criterion to a discrete model, the 
UCS/T ratio problem might be resolved. When we revisit the elastic 
Hooke’s law in three-dimensional space, we find that the stress-based 
strength model considers the coupling of the deformations (strains) 
along with three directions simultaneously. For example, we consider 
the principle stress space for axial stress σ1 ¼

E
ð1þνÞð1� 2νÞ ðð1 � νÞε1 þ

νðε2 þ ε3ÞÞ, in which σ1 is determined from the strains in multiple di-
rections. Therefore, if the failure state of a spring bond can be deter-
mined from its deformation and from the deformations of its neighbors, 
it might be able to fully reproduce the stress-based strength model and to 
solve the UCS/T ratio problem. 

2.1. Multibody failure criterion of a spring bond 

In this section, a multibody failure criterion of a spring bond is 
introduced for solving the low UCS/T ratio problem of 4D-LSM. This 
approach is also applicable to other discrete models such as DLSM and 
DEM. The most distinct feature of 4D-LSM is its lattice structure, which 
was defined in a 4D space. In Fig. 2a, illustrations of the 1D to 4D lattices 
are presented to facilitate understanding. A more detailed explanation 
and a mathematical proof of 4D-LSM can be found in the original 
reference.19 To derive the equation for obtaining the stress tensor of the 
spring bond, the computational model that is used in 4D-LSM is repre-
sented as a network, as illustrated in Fig. 2b. A particle with its adjacent 
particles constitute a particle cluster and the stress state of this particle 
can be expressed in terms of the deformation states of these spring bonds 
around the particle as 

σI
ij ¼

1
2VI

XN

J¼0
f IJ
i nIJ

j lIJ
0 (7)  

Table 1 
Mechanical parameters of numerical models.  

Numerical example Elastic Modulus 
(MPa) 

Poisson’s 
ratio 

Density (kg/ 
m3) 

Tension strength 
(MPa) 

Frication 
angle 

Cohesion 
(MPa) 

dRatio 

Brazilian test 25800 0.23 2700 8.8 53 21 0.3 
Uniaxial compression/tension test 25800 0.23 2700 8.8 53 21 0.3/0.5/0.7/ 

0.9 
Failure of specimens containing a single 

round hole 
98000 0.21 2601 15.5 40 18 0.3 

Slope failure 49900 0.25 1700 0.05 32 0.4 0.3  

Fig. 4. Flow diagram of the 4D� LSM calculation procedure with the multibody 
failure criterion. 

G.-F. Zhao et al.                                                                                                                                                                                                                                 



International Journal of Rock Mechanics and Mining Sciences 123 (2019) 104126

5

where σI
ij is the stress tensor of particle I, VI is the represented volume of 

the particle, f IJ
i is the interaction force component between particle I and 

its neighbors, nIJ
j is the normal vector component between particle I and 

its neighbors, and lIJ0 is the initial spring length between particle I and its 
neighbors. Eq. (7) can be proved via hyperelasticity analysis, which will 
be further explained in Section 2.3. The stress state of a spring bond is 
expressed as 

σbond
ij ¼

σi þ σj

2
(8) 

Then, the failure of each spring bond is determined using a macro-
scopic stress-based strength model, such as the modified Mohr-Coulomb 
criterion: 

f
�

σbond
ij

�
¼f
�
σbond

1 ;σbond
3

�
¼

8
>>><

>>>:

ð1 � sinϕÞσbond
1 � ð1 � cosϕÞσbond

3 � 2ccosðϕÞ�0

σbond
1 � σ*

t �0

(9)  

where σbond
1 and σbond

3 are the first and third principal stresses, respec-
tively, of the stress tensor of the corresponding spring bond; ϕ is the 
internal friction angle; c is the cohesion; and σ*

t is the tensile strength. 
The fabric stress tensor of a spring bond is determined from the current 
spring bond forces of its linked particles, which are further determined 
by the bond deformations of the springs of these particles. The failure 
state of a spring bond is determined from the deformation states of a 
group of connected spring bonds; therefore, we call this approach the 
multibody failure criterion of the spring bond. The applicability of the 
fiber stress tensor that was obtained via Eq. (7) to the representation of 

the actual stress state of the lattice model is essential for this approach, 
which will be proved in the following section. 

2.2. Proof of the fiber stress formula 

Newly developed discrete model 4D-LSM overcomes the Poisson’s 
ratio limitation in the classical LSM by introducing four-dimensional 
spatial interactions. This model is similar to traditional DEM and mo-
lecular dynamics (MD) in various respects. For example, they all use 
Newton’s second law to solve the corresponding motion equations. The 
main differences are that each particle in 4D-LSM includes not only three 
degrees of freedom but also considers a fourth spatial degree of freedom, 
and the connections between particles in 4D-LSM correspond to in-
teractions in a four-dimensional space (see Fig. 2a). The construction of 
4D-LSM is based on the concept of a parallel world, in which the four- 
dimensional connection is generated by the interconnection between 
the original three-dimensional model and the corresponding model in a 
parallel world. The first step is to set up the 3D lattice model, which is 
composed of 3D particles and springs that connect them. The second step 
is to offset this 3D model along the 4th dimension by one lattice length to 
form a parallel model. The parallel model is invisible in the original 3D 
space. The last step is to connect these two models through 4D in-
teractions.12 In 4D-LSM, the stiffness (k3D) of these springs is the same 
when interacting in three-dimensional space. There are three types of 
springs in the four-dimensional space, which are represented by stiff-
nesses kα; kβandkγ. To reproduce the isotropic elastic mechanical 
response, the four-dimensional spring stiffnesses and the 
three-dimensional spring stiffness should be related as follows: 

kα¼ kβ ¼
4
3
kγ ¼ λ4Dk3D (10) 

Fig. 5. Numerical modelling of uniaxial compression and tension tests using 4D-LSM. (a) The computational model and boundary conditions, (b) the uniaxial 
tensional strength as a function of dRatio, (c) the uniaxial compressive strength as a function of dRatio, and (d) the UCS/T ratio versus dRatio. 
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where kα;kβandkγ are the four-dimensional spring stiffnesses and λ4D is a 
four-dimensional stiffness ratio, which can be determined from the 
Poisson’s ratio. In the elastic stage, the interaction between two particles 
is expressed as 

Fij¼ kunnij (11)  

where Fijis the four-dimensional force from particle i to particle j; nij is 
the four-dimensional normal vector from particle i to particle j; k is the 
stiffness of the corresponding spring, where the value (k3Dkα;kβorkγ) of k 
is determined by the type of spring; and un is the deformation of the four- 

dimensional spring, which is characterized by the Euler length as 

un¼
�
�xj � xi

�
� �

�
�
�x0

j � x0
i

�
�
� (12)  

where x is the current position of the particle, x0 is the initial position of 
the particle, and |●| denotes the Euler distance between the two par-
ticles’ positions. Although the four-dimensional space is difficult to 
understand, the calculation only differs in terms of the number of 
components of the vector or the tensor, and all rules and definitions 
remain the same as in three-dimensional space. The formula for calcu-
lating the fiber stresses, which is presented in Eq. (7), has a similar form 

Fig. 6. Numerical modelling of compressive and tension failures of a porous solid using 4D-LSM.  
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to those that are used in DEM. The only difference is the involvement of 
fourth dimension in the calculation. Since 4D-LSM was defined in four- 
dimensional space, its stress tensor is 4D. However, since the plane stress 
assumption is adopted in 4D-LSM along the fourth dimension (hyper 
membrane), the stress tensor that is calculated via Eq. (7) can be further 
simplified as the classical three-dimensional stress tensor, namely, the 
components that contain the indices for the fourth dimension are zero. 
Now, we will further evaluate the applicability of Eq. (7) for 4D-LSM via 
hyperelasticity analysis. Consider a particle cloud in 4D-LSM that con-
tains a series of spring bonds and assume that a simple deformation field 
εij is applied to it. The normal deformation of a spring bond can be 
expressed as 

un¼ εijnjnil0 (13) 

If the reprehensive volume of the particle is V, the strain energy 
density of the particle can be expressed as 

Ω¼
1
2

1
V
X 1

2
ku2

n ¼
1

4V
X

ku2
n (14) 

According to the hyperelasticity analysis, the corresponding stress of 
the particle can be expressed as 

σij¼
∂Ω
∂εij
¼

1
2V

X
ðkεiknkl0Þ

�
njl0
�
¼

1
2V

X
finjl0 (15) 

Eq. (7) is the general form of Eq. (15). In contrast to DEM, the particle 
stress in 4D-LSM is determined at each particle rather than over a 
measurement sphere that contains multiple particles. In this work, we 
will verify Eq. (15) by calculating the splitting stress of the classical 
Brazilian disc test. Assuming the disk is homogeneous and isotropic, the 
theoretical formulas of the compressive stress and tensile stress distri-
butions within the linear elastic range are25,26 

σy¼ �
2P

πRϕL

2

6
6
6
4

�

1 � r2

R2

�

sin ϕ

1 �
�

2 r2

R2

�

cos ϕþ r4

R4

þ arctan

0

B
B
@

1þ r2

R2

1 � r2

R2

tan
ϕ
2

1

C
C
A

3

7
7
7
5

(16)  

σx¼ �
2P

πRϕL

2

6
6
6
4

�

1 � r2

R2

�

sin ϕ

1 �
�

2 r2

R2

�

cos ϕþ r4

R4

� arctan

0

B
B
@

1þ r2

R2

1 � r2

R2

tan
ϕ
2

1

C
C
A

3

7
7
7
5

(17)  

where σy is the stress along the vertical direction; σx is the stress along 
the horizontal direction; P is the applied external load; R is the radius of 
the disk; L is the thickness of the disk; ϕ is the arc angle that is applied by 
the external load; and r is the radial distance from the center of the disk, 
where r ¼ 0 at the center of the disk (see Fig. 3a). The mechanical pa-
rameters of the disk are listed in Table 1. The vertical and horizontal 
stresses of the particles along the loading direction in the numerical 
modeling using 4D-LSM with Eq. (7) are extracted and compared with 

the theoretical solutions of Eqs. (16) and (17). The results are presented 
in Fig. 3b. The simulated values of σx and σy are consistent with the 
theoretical values, except in the bottom region, where the theoretical 
values of σy differ slightly from the numerically predicted values; hence, 
the calculated fiber stress can be used to represent the stress state of the 
disk. In contrast to the Cauchy stress tensor, Eq. (7) is independent of the 
rigid-body rotation and has an intrinsic size; therefore, it is suitable for 
failure analysis that involves large deformations. 

2.3. Postfailure stage of a spring bond 

In this work, the pre-failure stage of a spring bond is characterized by 
a linear elastic model and the postfailure stage is described by a cohesive 
zone model, which is expressed as the following damage model: 

f ¼

8
><

>:

kun ; f
�

σbond
ij

�
< 0

ð1 � DÞkun ; f
�

σbond
ij

�
� 0

(18)  

where D represents the amount of damage to the spring bond and its 
initial value is D ¼ 0. There are four types of springs in 4D-LSM, which 
are described by stiffnesses k3D, kα, kβ and kγ. In this work, we assume 
the damage of the four-dimensional spring stiffness kα is constant and 
equal to 0. kβ and kγ are related to the damage of the corresponding 
three-dimensional spring bond that is associated with them. This 
assumption can be expressed as 

DAA0 � 0;DAB ¼ DA0 B0 ¼ DA0 B0 ¼ DA0 B0 (19)  

where A and B represent two particles in the original three-dimensional 
space and A0 and B0 represent two mapped particles in the corresponding 
parallel space. By defining the damage function of the spring bond in the 
original three-dimensional space, the behaviors of all spring bonds after 
the strength criterion has been satisfied can be determined. In this work, 
a linear softening model is adopted, which is expressed as 

Dðu3DÞ¼

8
><

>:

1 �
u*

3D � dRatio⋅u3D

ð1 � dRatioÞu*
3D

; u3D � u*
3D

�
dRatio

1 ; u3D > u*
3D

�
dRatio

(20)  

where dRatio is the ratio of the deformation that corresponds to the peak 
point to the final deformation, and u*

3D is the peak deformation, which is 
expressed as the spring elongation u3Dðt*Þ when the spring satisfies the 
multibody failure criterion. Since the elongation of the spring may be 
negative under compression and shear failure, we assume 

u*
3D¼maxð0; u3Dðt*ÞÞ (21) 

The calculation process of 4D-LSM with the multibody failure cri-
terion is illustrated in Fig. 4. The classical stress strength model is 

Fig. 7. Numerical prediction of the effects of porosity on the compressive and tensile strengths using 4D-LSM with the multibody failure criterion.  
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embedded in the calculation. The main advantage is that the input pa-
rameters are the same as in the continuum-based numerical model, 
which can be directly determined via conventional rock mechanics tests. 
However, compared with continuum-based numerical models, the fabric 
stress tensor calculation involves only deformation of the spring bonds 
and the classical Cauchy stress tensor and Cauchy strain tensor are not 

involved; hence, the model is more flexible for solving problems that 
involve large rigid-body rotations. 

3. Verification 

3.1. Computational model 

A strength model in continuum mechanics describes the mechanical 
response of a material under uniaxial compression or uniaxial tension 
tests as a single point. A numerical model should treat the uniaxial 
tension or compression test as a three-dimensional boundary value 
problem. The computational model that is used in this section is illus-
trated in Fig. 5. The specimen is a rectangular column of size 
80 mm � 80 mm � 160 mm and the particle diameter is 1.0 mm. The 
model includes a total of 1.024 million particles. The dimensions of this 
numerical specimen are comparable to those of specimens in conven-
tional rock or concrete experiments. If the particle diameter is smaller, 
the failure morphology of the specimen should be more similar to those 
that are observed in the physical tests. However, due to the limited 
computational power of our workstations, we can only solve a compu-
tational model with limited resolution. The boundary conditions are 
presented in Fig. 5a. For the uniaxial tension test, the bottom surface of 
the specimen is fixed and an upward velocity is applied to the top sur-
face; the reaction force F(t) and displacement u(t) of the top surface are 
recorded during the calculation. Then, the load-displacement curve of 
the digital specimen can be obtained and the tensile strength σt

4D� LSM is 
calculated as 

σt
4D� LSM ¼F*=A (22)  

where F* is the maximum loading force and A is the sectional area. For 
the uniaxial compression problem, the uniaxial compressive strength 
σc

4D� LSM can be obtained via a similar method and the only difference is 
that the direction of the velocity load is opposite in the top surface. In 
this section, the load velocity is 1 mm/s, which is sufficiently small for 
eliminating the rate dependence and guaranteeing quasi-static loading. 
Similar to the model of Kazerani et al.,27 our model moves only 
approximately 2 nm in a single calculation step; hence, the whole 
loading process can be regarded as being in a quasi-static state. The 
material parameters of the computational model are listed in Table 1. To 
investigate the influence of the postfailure behavior of the spring bond, 
the dRatio is set to 0.3, 0.5, 0.7, and 0.9. 

3.2. Numerical results 

The numerical results of the uniaxial compressive and tensile tests 
are presented in Fig. 5b–d. In Fig. 5b, the tensile strength of the model 
does not vary dramatically with dRatio and remains stable at approxi-
mately 8.8 MPa (which is close to the input value that is listed in 
Table 1). However, according to Fig. 5c, the compressive strength 
changes with dRatio. The compressive strength attains its highest value 
of 114.93 MPa when dRatio ¼ 0.3. Hence, the postfailure behavior of the 
spring bond influences the uniaxial compressive failure of the specimen. 
The UCS/T ratio is plotted in Fig. 5d, which decreases rapidly and 
subsequently increases slightly as dRatio increases. When dRatio ¼ 0.3, 
the UCS/T ratio is 13.27, which is the theoretical value that is based on 
the modified Mohr-Coulomb criterion with these input parameters. 
Hence, the UCS/T ratio of rock can be reproduced for 4D-LSM by using 
the multibody strength criterion. The recommended value of dRatio in 
this work is 0.3. Our strategy is to include the UCS/T ratio in 4D-LSM as 
an input parameter by introducing the multibody failure criterion, 
which is based on the macroscopic stress-based strength model. For a 
discontinuum-based model, the distinct feature of the proposed solution 
is that the input parameters are classical mechanical parameters and no 
calibration of micromechanical parameters is required. The discreteness 
of the discontinuum-based model is not violated. 

Fig. 8. Failures of specimens that contain a single round hole, as predicted by 
4D-LSM. (a) Computational models. (b) Numerical results of 4D� LSM with the 
original constitutive model. (c) Numerical results of 4D-LSM with the multi- 
body failure criterion. (d) Experimental results from Liang.29 
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Fig. 9. Numerical modelling of the progressive failure of a slope under a centrifuge test. (a) Computational model. (b)Failure pattern under gravity acceleration of 
30 g. (c) failure pattern under gravity acceleration of 40 g. (d)Failure pattern under gravity acceleration of 42 g. (e)Failure pattern under gravity acceleration of 45. 
(f) Experimental observed failure pattern under 45 g (from Zhang et al.30). 
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4. Application 

4.1. Influence of the porosity on the UCS/T ratio 

Computational models with porosities of 5%, 10%, 15%, and 20% 
are generated by randomly removing a specified number of particles to 
introduce spatial pores. All the material parameters and boundary 
conditions are the same as in the previous example. Numerical uniaxial 
compression and uniaxial tension tests are conducted. The failure results 
of these models are presented in Fig. 6. With the increase of the porosity, 
the fracture zone under compression tends to expand, whereas no 
change in the fracture zone under tension is readily observed. As shown 
in Fig. 7, both the compressive strength and the tensile strength decrease 
with the increase of the porosity. However, the porosity and the tensile 
strength are linearly correlated, whereas a nonlinear and more sensitive 
relationship is identified between the porosity and the compressive 
strength (see Fig. 7a). In Fig. 7b, the UCS/T ratio decreases with the 
increase of the porosity, which is consistent with the experimental 
observation of Chen et al.28 This example demonstrates that with the 
solution that is provided in this work, 4D-LSM can be used as predictive 
tool to investigate the mechanical responses of porous material (e.g., 
foam concrete) if the mechanical parameters of the base material 
(concrete) are known. 

4.2. Crack propagation in a square column with a single circular hole 

In this section, we establish three square models with circular holes 
of various diameters. The size of the model is 10 mm � 10 mm � 24 mm, 
where the diameter d of the circular hole through the model is 1.5 mm, 
2.0 mm, and 2.5 mm. The diameter of the particles in the model is 
0.1 mm and the total number of particles is approximately 2.4 million. A 
front view of the model is presented in Fig. 8a. The parameters of the 
model are obtained from Liang29 and the loading mode is the same as 
that of the uniaxial compression test. To evaluate the effect of intro-
ducing the multibody failure criterion, 4D-LSM with the original brittle 
constitutive model is also used to solve the same problem. The corre-
sponding results are presented in Fig. 8b, where the fracture morphol-
ogies of the rock specimens differ from the experimental results, 
especially for the compression-shear failure of rock specimens, which 
cannot be well reproduced. When the multibody failure criterion is 
adopted, as shown in Fig. 8c, the crack propagation mode of the model 
changes substantially with the hole size, which is consistent with the 
physical experimental results of Liang.29 According to Fig. 8c, when 
d ¼ 1.5 mm, the crack mainly grows along the diagonal direction of the 
model and the model mainly presents the mode of shear failure; when 
d ¼ 2.0 mm, both tensile cracks that extend along the direction of the 
maximum principal stress and shear cracks that develop along the di-
agonal appear in the model. Finally, the failure of the model presents a 
shear-splitting composite failure mode. When d ¼ 2.5 mm, the cracks in 
the model mainly propagate along the direction of the maximum prin-
cipal stress and the model eventually presents a splitting failure mode. 
Therefore, we conclude that the multibody failure criterion is necessary 
for 4D-LSM, which not only solved the low UCS/T ratio problem but also 
enhanced its performance in describing the crack propagation of rock 
under complex stress conditions. 

4.3. Progressive failure of a rock slope 

In this section, 4D-LSM is further employed to solve a classical pro-
gressive failure problem in geotechnical engineering. Based on the 
centrifugal test of Zhang et al. on a slope model,30 a corresponding 
computational model is established, as illustrated in Fig. 9a. During the 
centrifugal test, the rock slope is progressively destroyed by increasing 
the applied gravitational acceleration (the unit is g ¼ 9.8 m/s2). The 
centrifuge tests were simulated by using the gravity increase method. 
The implementation is straightforward for LSM; additional details can 

be found in the work of Lian et al.31 Our numerical simulation results 
demonstrate that when the gravitational acceleration is 30 g, the frac-
ture zone that is caused by stress concentration appears at the toe of the 
slope (see Fig. 9b). When 40 g is applied,the first obvious tensile crack 
begins to appear at the top of the slope, far from the slope surface, due to 
the influence of tensile stress (see Fig. 9c). When the gravitational ac-
celeration was 42 g, a tensile crack appeared at the slope top and a 
second tensile crack was readily observed in the middle of the top sur-
face (see Fig. 9d). A third tensile crack appeared at the top of the slope 
near the slope surface and a sliding fracture zone was formed when the 
gravitational acceleration was 45 g (see Fig. 9e). The locations of the 
slide plane and tensile cracks are similar to those in the physical 
experiment (see Fig. 9f). This example involves the fracturing and failure 
of rock that will eventually be transformed into granular-like material. 
However, the performance of 4D-LSM in solving granular flows has not 
been well investigated. Therefore, the postfailure stage of rock that is 
transformed into granular-like material remains unknown and future 
investigation is highly recommended. This whole process involves large 
rigid-body rotations. Since both the mechanical and failure calculations 
of 4D-LSM with the multibody failure criterion are free from the influ-
ence of the rigid-body rotation, the approach that is developed in this 
work is robust. 

5. Discussion 

Reviewing the development history of strength theory of materials,24 

the stress-based strength models have been well verified against many 
experimental results. For a numerical method, the effective use of 
existing strength models can enhance its performance in solving various 
failure problems of these materials, which is one of the major advan-
tages of continuum-based numerical models.32 The approach that is 
developed in this work can be regarded as a solution for 
discontinuum-based models that avoids the low UCS/T problem by 
utilizing these macroscopic stress-based strength models. It is straight-
forward to implement other strength models, such as the Hoek–Brown 
model, which can enable 4D-LSM to handle the failure and fracturing of 
most board materials. 

Cohesive-zone-model-based numerical models33,34 have been widely 
used in the analysis of rock failure, in which failure of the cohesive 
element (interface element) is judged based on the stress state of the 
adjacent elements. However, these models typically introduce addi-
tional stiffness parameters for the pre-failure stage, which might cause 
instability. The computational costs of these models are typically high, 
especially in the three-dimensional case. Moreover, the treatment of a 
large deformation requires special treatment of the rigid-body rotation, 
which could be a source of accumulative error. In terms of the elastic 
parameters, 4D-LSM can maintain consistency between the pre-failure 
and postfailure stages. Moreover, the failure and fracture treatments 
are straightforward and easy to understand. However, as a newly 
developed model, 4D-LSM has many shortcomings. This work is a pre-
liminary exploration of 4D-LSM in solving the low UCS/T ratio problem. 
How to incorporate more complex constitutive mechanical responses, 
such as viscoelasticity and highly non-linear dynamic deformation 
responses35–37 prior to material failure, remains to be determined. 

Four-dimensional interaction is a hypothesis in modern physics. The 
physical experimental results of a quantum effect support the consid-
eration of the 4D topology.38 Rigid-body rotation is a critical issue for 
large-deformation problems. For example, the treatment of a multibody 
shear spring in DLSM, an angular spring in LSM, or an angular potential 
in MD is complex. Incrementally calculating the shear or angular 
deformation might be a source of accumulated error. In this respect, 
4D-LSM provides an easy solution for the large deformation problem 
since only central interactions are involved.18 
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6. Conclusions 

A feasible solution for 4D-LSM for solving the low UCS/T ratio 
problem in modeling rock materials is developed. The multibody failure 
criterion of spring bonds is determined by calculating the fiber stress 
tensor of particles and by utilizing the classical stress-based strength 
model. We found that the fiber stress tensor could be used to represent 
the Cauchy stress tensor of the model. Our numerical results demon-
strate that the high UCS/T ratio of rock materials can be successfully 
reproduced by combining the multibody failure criterion that is based 
on the modified Mohr-Coulomb strength model with a linear softening 
model. The multibody failure criterion renders 4D-LSM more flexible in 
describing rock failure. For example, the relationship between the 
porosity and the UCS/T ratio that is predicted by 4D-LSM is consistent 
with the results of physical experiments. We also found that the new 
model enabled 4D-LSM to more realistically describe the crack propa-
gation of rock under compression and shear conditions and the pro-
gressive failure of a rock slope. Nevertheless, rock failure is a process 
with complex nonlinear responses, such as viscosity, rate dependency, 
hysteretic characteristics, plastic-elastic coupling, and fatigue damage. 
These problems will be addressed for 4D-LSM in our future work. 
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