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Abstract
Parameter selection is always a critical issue for the numerical modeling of many geotechnical problems. In this work, an 
idea of non-parameterized numerical analysis is demonstrated by incorporating tri-axial data as the input into the distinct 
lattice spring model (DLSM). An automatic parameter acquisition procedure is developed to determine the parameters of a 
modified Duncan–Chang (DC) model which is implemented in the DLSM through the further development of an incremental 
DLSM and a fabric stress calculation scheme. These newly developed algorithms are verified against available numerical 
results and experimental counterparts. Then, the discrete feature of the DC-DLSM is explored and discussed through the 
numerical modeling of large-scale tri-axial tests and a fracturing test. Finally, a real rockfill dam project is analyzed by using 
the DC-DLSM with the available tri-axial data as the input, and a reasonable fitting is obtained, which shows the possibility 
for the numerical modeling of the DLSM with no parameter selection burden.
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List of Symbols

Roman Alphabet
a  The model constant of the Duncan–Chang 

model
b  The model constant of the Duncan–Chang 

model
c  The cohesion
D  The dimensionless constant of the Duncan–

Chang model
Ei  The initial tangent elastic modulus
Et  The tangent elastic modulus
fi  The bond force component
F  The dimensionless constant of the Duncan–

Chang model
�
n,t

ij
  The normal interaction forces at t

�
n,t−Δt

ij
  The normal interaction forces at t − Δt

�
s,t

ij
  The shear interaction forces at t

�
s,t−Δt

ij
  The shear interaction forces at t − Δt

∑
�
(t)

i
  The sum of the forces acting on the particle i

FT
y
(t)  The reaction force in the y-direction

G  The dimensionless constant of the Duncan–
Chang model

kn  The normal stiffness
ks  The shear stiffness
Ki  The dimensionless modulus number of the 

Duncan–Chang model
l  The bond length
l0
i
  The initial length of the ith bond

L  The length of the cubic specimen
L∗  The effective length of the cubic specimen
mp  The particle mass
n  The dimensionless modulus exponent of the 

Duncan–Chang model
�  The normal unit vector
pa  The atmospheric pressure
q  The deviatoric stress
q∗
j
  The ultimate deviation stress

ri  The radius of particle i
rj  The radius of particle j
Rf   The failure ratio
�
(t+Δt)

i
  The displacement of particle i at (t + Δt)

�
(t)

i
  The displacement of particle i at t
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�̇i  The velocity of particle i
�̇
(t+Δt)

i
  The velocity of particle i at (t + Δt)

�̇
(t)

i
  The velocity of particle i at t

�̇ij  The relative velocity between particle i and 
particle j

�̇
n
ij
  The normal relative velocity between particle 

i and particle j
�̇
s
ij
  The shear relative velocity between particle i 

and particle j
�̇j  The velocity of particle j
un  The normal deformation of the springs
us  The shear deformation of the springs
u∗
n
  The ultimate deformation of the springs

u∗
s
  The shear deformation of the springs

uL
x
(t)  The average displacement of the cubic left 

surface in the x-direction
uR
x
(t)  The average displacement of the cubic right 

surface in the x-direction
uB
y
(t)  The average displacement of the cubic bottom 

surface in the y-direction
uT
y
(t)  The average displacement of the cubic top 

surface in the y-direction
uB
z
(t)  The average displacement of the cubic back 

surface in the z-direction
uF
z
(t)  The average displacement of the cubic front 

surface in the z-direction
V   The volume of the computational model
V ′  The particle’s represented volume
�i  The coordinate of particle i
�j  The coordinate of particle j
�
0
i
  The initial coordinate of particle i

�
0
j
  The initial coordinate of particle j

Greek Symbols
�  The coefficient of the elastic modulus
�3D  The lattice geometry coefficient
�  The translation coefficient of the weight 

function
�  The scaling coefficient of the weight function
�1  The axial strain
�v  The volumetric strain
�x  The strain in the x-direction
�y  The strain in the y-direction
�z  The strain in the z-direction
[�̇�]bond  The local strain rate of a spring bond
[�̇�]i  The strain rate of particle i
[�̇�]j  The strain rate of particle j
�t  The tangent Poisson
�

′

t
  The modified tangent Poisson ratio

�∗  The upper limit of the Poisson ratio
�1  The major principal stress
(�1 − �3)f   The failure strength

�∗
1,j

  The failure first principle stress
�3  The minor principal stress
�0
3,j

  The confining pressures
�
ij
  The stress of the particle

�y  The stress in the y-direction
�  The internal friction angle
�  The dimensionless damping constant
∆t  The time step
�i  The ith component of the normal vector of the 

lattice bond
∏

  The strain energy
�  The ratio of horizontal acceleration to gravita-

tional acceleration

1 Introduction

Currently, numerical simulation is generally regarded as the 
third pillar of scientific study in addition to the traditional 
experimental and analytical approaches (Abdollahipour et al. 
2016; Fan et al. 2013; Kolda 2014). Nevertheless, the param-
eter selection of numerical modeling in geotechnical appli-
cations is still a critical issue that is always being questioned 
due to the complexity of the rock mass (Yan et al. 2018; Li 
et al. 2012; Li 2013). The difficulty of selecting parameters 
handicaps the practical application of the advanced constitu-
tive models (Russell and Khalili 2004; Li et al. 2010, 2013) 
developed for geomechanics, which usually require many 
parameters to be determined and might not be robust enough 
for practical engineering applications (Juang et al. 2018). 
Moreover, the parameter selection of some discrete models, 
such as the discrete element model (DEM), is even more 
complex and a complicated calibration procedure with trial-
and-error is usually required (Abdollahipour et al. 2016; 
Yoon 2007; Kazerani and Zhao 2014), which becomes the 
main obstacle of their further application in geotechnical 
engineering. Previous studies have shown that the traditional 
back analysis (Wang et al. 2007) is generally used to adjust/
optimize the input parameters of a numerical model through 
a minimization of the difference between the numerical 
results and the field measurement. However, this approach 
usually requires manual intervention and is still unable to 
automatically determine the input mechanical parameters for 
numerical analysis due to the complexity of the calibration 
between the micro-parameters and the macro-counterparts 
and the redundancy of the mechanical parameters of the 
bonded DEM (Liang et al. 2003; Zhao et al. 2018; Zhang 
et al. 2018; Shi et al. 2019).

In recent years, the lattice spring model (LSM) has 
received more attention due to its advantage of modeling 
fracturing. The distinct lattice spring model (DLSM) (Zhao 
et al. 2011) was initially developed to model the brittle 
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failure of rock. Later, it was extended to solve coupled 
hydraulic mechanical problems (Zhao and Khalili 2012), 
large deformation problems (Zhao 2017), general plastic-
ity problems (Jiang and Zhao 2018; Zhao et al. 2019), etc. 
The DLSM has taken a step forward in parameter selection, 
because it has fewer mechanical parameters and is free of 
parameter calibration, which is attributed to the closed form 
equation between the micro-parameters and the macro-elas-
tic parameters derived using hyper-elasticity analysis. The 
input elastic mechanical parameters of the DLSM are the 
elastic modulus and the Poisson ratio, which are more con-
venient to be input than the micro-mechanical parameters. 
Furthermore, it would be convenient and straightforward if 
we could directly input experimental data rather than a group 
of material parameters with various definitions. In this work, 
we refer to this technique as non-parameterized numerical 
analysis (NPNA). Here, to realize NPNA using the DLSM, 

we will directly input deviatoric stress–axial strain and volu-
metric strain–axial strain curves from tri-axial tests into the 
DLSM for the numerical analysis of geotechnical problems. 
The classical DC model developed by Duncan and Chang 
in 1970 is a suitable candidate for this purpose (Duncan and 
Chang 1970). Although many advanced constitutive mod-
els have been developed, the DC model is still widely used 
in practical geotechnical engineering projects, especially in 
China (Guo and Li 2012; Wang et al. 2007; Zhou et al. 2011; 
Zhang et al. 1999). The major reason is the amount of accu-
mulated data on rock material parameters of the DC model 
for various rock engineering projects.

The DC model is a well-developed non-linear constitu-
tive model in geomechanics. The corresponding study can 
be classified into parameter-sensitive investigation (Su et al. 
2008; Wang et al. 2004), implementation in special software 
(Wu et al. 2011; Guo and Li 2012), practical engineering 

Fig. 1  Flowchart of NPNA 
using the DC-DLSM
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application (Chen et al. 2011; Kuniyuki et al. 2012; Zhou et al. 
2011; Zhang et al. 1999), and parametric back analysis (Wang 
et al. 2007). The parameter identification of the DC model is 
relatively straightforward, but the automatic parameter acquisi-
tion from the raw data of tri-axial tests is still not well reported. 
The automatic parameter acquisition is not trivial but an essen-
tial step for NPNA using the DC model, which must be math-
ematically robust and can be easily implemented. Moreover, 
the DC model is a typical non-linear elastic constitutive model, 
and the general framework developed for plasticity (Zhao et al. 
2019) can not be used for this case. New developments for the 
DLSM to implement non-linear elasticity are required.

The ultimate target of NPNA is to conduct numerical 
modeling by directly utilizing raw experimental data such 
as stress wave curve, penetration versus force curve, stress 
strain curves of the ultrasonic test, standard penetration tests, 
and tri-axial tests. NPNA is an integration of automatic back 
analysis, experimental tests, and numerical modeling. The 
aim of this paper is to illustrate NPNA using the DLSM, 
i.e., to directly input the tri-axial compressive test data into 
the DLSM for the numerical analysis of geotechnical prob-
lems. The paper is organized as follows. First, an automatic 
parameter identification procedure is developed. Through a 
comparison between model predictions of the original DC 
model and the experimental counterparts, a modification on 
the Poisson ratio equation of the DC model is developed, 
which can result in a better fitting of the experimental data. 
Then, an incremental DLSM and a fabric stress tensor cal-
culation scheme are developed to implement the DC model 
into the DLSM. Following this, the DC-DLSM is verified 
against tri-axial test data of rockfill materials. The results 
indicate that the DC-DLSM can successfully capture the 
non-linear mechanical responses of the rockfill materials. 
Moreover, the DC-DLSM also inherits the advantage of 
modeling fracturing problems from the original DLSM, 
which is demonstrated by a notched specimen under tension 
and the fracturing of a bonded granular dam under horizon-
tal acceleration. Then, the DC-DLSM is used to analyze 
the settlement of the Roadford Dam in Britain, in which the 
raw tri-axial compressive data are directly used without any 
manual parameter calibration procedure. We demonstrate 
that the NPNA using the DC-DLSM is able to reasonably 
predict the settlement compared with the field measurement. 
Finally, some conclusions and discussions are provided.

2  NPNA and DLSM

As shown in Fig. 1, the principle of NPNA is to directly 
input the tri-axial compressive test data. Then, the required 
corresponding parameters are automatically calculated, and 
the numerical analysis is carried out by the DLSM. To the 

end user, the steps of the macro- and micro-mechanical 
parameter calibrations are omitted. There are two main 
components of the NPNA of the DLSM: (1) the auto-
matic parameter acquisition of the DC model and (2) the 
DC-DLSM.

2.1  Automatic Parameter Acquisition of the DC 
Model

As a typical non-linear elastic constitutive model, the DC 
model has gained great popularity in geotechnical engineer-
ing, especially in the numerical analysis of rockfill dams. 
According to conventional tri-axial compressive tests, the 
relationship between the deviatoric stress and the axial strain 
can be described as:

where �1 and �3 are the maximum and minimum principal 
stresses, respectively, �1 denotes the axial strain, and a and b 

(1)�1 − �3 =
�1

a + b�1
,

(a) Axial strain versus deviatoric stress

(b) Axial strain versus volumetric strain
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Fig. 2  Comparison of the original DC model and the tri-axial com-
pressive test data for clay (Dong et al. 2013)
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are model constants. The macroscopic material parameters 
of the DC model, such as the elastic modulus and the Pois-
son ratio, change with the stress state. In this work, we adopt 
the tangent version of the DC model, in which the tangent 
elastic modulus Et and the tangent Poisson ratio �t are used 
to represent the non-linear elastic response of the materials. 
The tangent elastic modulus can be written as:

where

and Ei is the initial tangent elastic modulus, Rf is the fail-
ure ratio with a variable less than 1, (�1 − �3)f denotes the 
failure strength based on the Mohr–Coulomb failure crite-
rion, Ki is a dimensionless modulus number, pa denotes the 

(2)Et = Ei

(

1 −
Rf(�1 − �3)

(�1 − �3)f

)2

,

(3)Ei = Kipa

(
�3

pa

)n

,

atmospheric pressure (101.4 kPa), and n is a dimensionless 
modulus exponent. The tangent Poisson ratio is given as:

where

and G, F, and D are dimensionless constants, c denotes the 
cohesion and � is the internal friction angle. The DC model 
only has eight parameters (c, � , Ki , n, Rf , G, F, and D) which 
can be easily obtained by the tri-axial compressive test. It is 
assumed that there are tri-axial data for tests conducted at 
different confining pressures as 

(
�0
3,j

)
 j = 1, 2,… ,m , and the 

number of tests m should be larger than two. Each piece of 
tri-axial test data includes the axial strain ( �1 ) versus the 
deviatoric stress ( q ) curve 

(
�1, q

)
 and the axial strain ( �1 ) 

versus the volumetric strain ( �v ) curve 
(
�1, �v

)
 . As shown in 

Fig. 1, the automatic parameter acquisition can be divided 
into two subroutines. The first one is to obtain the parame-
ters that are related to the elastic modulus using the 

(
�1, q

)
 

curves. The first step is to obtain the corresponding coeffi-
cients of the hyperbolic function of each curve through non-
linear fitting of the experimental data. This will result in an 
array as 

(
aj, bj

)
 i = 1, 2,… ,m , which can be used to obtain 

the initial tangent elastic modulus described as:

Taking the logarithm of both sides of Eq. (3) yields:

Then, Ki and n can be obtained through a linear fitting 

over 
(

log
(

Ei,j

pa

)
, log

(
�0
3,j

pa

))

 . For each 
(
�1, q

)
 , we can 

obtain the failure deviatoric stress as q∗
j
= max(q) , and Rf 

is obtained as:

The corresponding first principle failure stress of each 
tri-axial test can be given as:

(4)�t =

G − Flg
(

�3

Pa

)

(1 − D�)2
,

(5)� =

(
�1 − �3

)

Kipa

(
�3

pa

)n[
1 −

Rf(�1−�3)(1−sin�)

2c⋅cos�+2�3sin�

] ,

(6)Ei,j =
1

aj
.

(7)log

(
Ei

pa

)

= log
(
Ki

)
+ n log

(
�3

pa

)

.

(8)
Rf =

∑m

j=1

q∗
j

bj

m
.

(9)�∗

1,j
= q∗

j
+ �0

3,j
.

(a)  Axial strain versus deviatoric stress

(b)  Axial strain versus volumetric strain
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Fig. 3  Comparison of the modified DC model and the tri-axial com-
pressive test data for clay (Dong et al. 2013)
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The corresponding parameters c and � of the 
Mohr–Coulomb criterion can be obtained by using a linear 
fitting over 

(
�0
3,j
, �∗

1,j

)
 . Now, all the related parameters of 

the DC model for calculating the tangent elastic modulus 
using Eq. (2) are ready. Because only the raw data of the 
tri-axial compressive tests and linear and non-linear fitting 
are involved, this process can be automatically performed. 
A similar procedure can be developed for the parameters 
involved in Eq. (4) for the tangent Poisson ratio. As an 
example, the tri-axial compressive data for clay provided 
by Dong et al. (2013) were processed by the proposed 
automatic parameter acquisition procedure, as shown in 
Fig. 1. The corresponding prediction results of the DC 
model with these parameters are shown in Fig. 2. Good 
fitting is observed between the axial strain and the devia-
toric stress. However, the relationship between the axial 
strain and the volumetric strain deviates from the experi-
mental data as the axial strain increases. Further observa-
tions of the experimental data showed that the correspond-
ing Poisson’s ratio is close to 0.5 and is a constant when 
the axial strain is large enough. In terms of this rule, a new 
Poisson’s ratio function is obtained by modifying the value 
obtained from the original Poisson’s ratio function by set-
ting a weighting function. The basic principle is that it is 
determined by the original formula at the beginning and 
gradually transitions to a constant close to 0.5. This feature 
can be obtained by the weighting function represented by 
the Sigmoid function, so the final modified function can 
be obtained, as shown in Eq. (10).

where �′

t
 , �t , and �∗ are the modified tangent Poisson ratio, 

the original tangent Poisson ratio, and the upper limit of the 
Poisson ratio, respectively, � denotes the coefficient of the 
elastic modulus, which is defined as the ratio of the tangent 
elastic modulus to the initial tangent elastic modulus (the 
range of its value is 0–1), � is the translation coefficient of 
the weight function, and � represents the scaling coefficient 
of the weight function greater than 10. The DC model with 
further Poisson ratio modifications is called the modified 
DC model. The corresponding results of the modified DC 
model are shown in Fig. 3. A better fitting over the volumet-
ric strain is achieved. In actual numerical analyses, these 
additional parameters, � , � , � , and �∗ , are constants, and the 
same automatic parameter acquisition procedure as that used 
in the original DC model can be used. Among these param-
eters, the trial-and-error method was used to determine the 
parameters � and � in this paper: � = 0.08, � = 18, and �∗ 
should be less than 0.5 based on the generalized Hooke’s 
law. Here, we set �∗ to 0.42 for numerical stability.

(10)�
�

t
=

(

1 −
1

1 + e(�−�)�

)

�t +
1

1 + e(�−�)�
�∗,

2.2  DC‑DLSM

The DLSM (Zhao et al. 2011) is made up of particles con-
nected by bonds composed of normal and shear springs 
between their centre points. The original DLSM was 
designed for the dynamic fracturing of brittle solids and was 
developed initially under total deformation. In this work, to 
implement the non-linear elasticity model, an incremental 
version of the DLSM will be developed. The particle veloci-
ties rather than the particle displacements will be used to 
calculate the interaction forces between particles. The imple-
mentation of the DC-DLSM is shown in Fig. 1. The normal 
force between two particles is defined as:

where �n,t

ij
 and �n,t−Δt

ij
 are the normal interaction forces at 

times t  and t − Δt , respectively, k̂n is the tangent normal 
stiffness, �̇n

ij
 is the normal relative velocity between two par-

ticles, Δt is the time step, un is the current normal deforma-
tion between two particles, and u∗

n
 is the ultimate normal 

deformation between two particles that can represent the 
fracture. Following the equation provided in the original 
DLSM, the tangent normal stiffness can be given as:

where Et,i and Et,j are the tangent elastic modulus of particles 
i and j, which can be obtained by using Eq. (2), �t,i and �t,j are 
the tangent Poisson ratios of particles i and j calculated by 
Eq. (10), and �3D is a lattice geometry coefficient. Given the 
geometric data of the lattice model, �3D can be estimated as:

where l0
i
 is the initial length of the ith bond, and V is the 

represented volume of the computational model. The current 
deformation un between two particles refers to the deforma-
tion of the spring bond which can be calculated as:

where �0
i
 and �0

j
 are the initial coordinates of particle i and 

particle j, respectively, and �i and �j are the current coordi-
nates of particle i and particle j, respectively. The relative 
normal velocity is given as:

where � = (nx, ny, nz) is the normal unit vector which means 
that particle i points to particle j for the spring connecting 

(11)𝐅
n,t

ij
=

{
𝐅
n,t−Δt

ij
+ k̂n�̇�

n
ij
Δt,

𝟎,

un < u∗
n

else
,

(12)kn =
1

2

(
3Et,i

�3D
(
1 − 2�t,i

) +
3Et,j

�3D
(
1 − 2�t,j

)

)

,

(13)�3D=

∑�
l0
i

�2

V
,

(14)un = l − l0 =
‖‖
‖
�j − �i

‖‖
‖
−
‖‖
‖
�
0
j
− �

0
i

‖‖
‖
,

(15)�̇
n
ij
= (�̇ij ⋅ �)�,
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particle i and particle j, and �̇ij is the relative velocity which 
is calculated as:

where �̇i and �̇j are the velocities of particle i and particle j, 
respectively. Following the similar principle, the shear inter-
action between two particles is given as:

where �s,t

ij
 and �s,t−Δt

ij
 are the shear interaction forces at times 

t and t − Δt , respectively, k̂s is the tangent shear stiffness, �̇s
ij
 

is the shear relative velocity between two particles, us is the 
current shear deformation between two particles, and u∗

s
 is 

the ultimate shear deformation between two particles. To 
maintain rotational invariance, the shear relative velocity �̇s

ij
 

is calculated as:

where l is the bond length, and [�̇�]bond is the strain state of 
the connecting bond, which is evaluated as:

where [�̇�]i and [�̇�]j are the strains of particle i and particle 
j, respectively. In this work, the local strain rate of a given 
particle is obtained using the least square method over the 
particle velocities of the particle cluster, which is defined as 
the collection of particles linked to the particle itself. The 
shear stiffness is given as:

(16)�̇ij = �̇j − �̇i,

(17)𝐅
s,t

ij
=

{
𝐅
s,t−Δt

ij
+ k̂s�̇�

s
ij
Δt,

𝟎,

us < u∗
s

else
,

(18)�̇
s
ij
= [�̇�]bond ⋅ �l − (([�̇�]bond ⋅ �l) ⋅ �)�,

(19)[�̇�]bond=
[�̇�]i + [�̇�]j

2
,

(20)

ks =
1

2

(
3
(
1 − 4�t,i

)
Et,i

�3D
(
1 + �t,i

)(
1 − 2�t,i

) +
3
(
1 − 4�t,j

)
Et,j

�3D
(
1 + �t,j

)(
1 − 2�t,j

)

)

.

With the above equations, the sum forces acting on a parti-
cle can be obtained. Using the explicit central finite-difference 
scheme with a simple variable substitution for the particle 
velocities to have a half step moving, the particle velocity can 
be updated as:

where Δt is the time step, �̇(t+Δt)
i

 is the particle velocity at 
(t + Δt) , �̇(t)

i
 is the particle velocity at t, 

∑
�
(t)

i
 is the sum of 

forces acting on particle i including applied external forces, 
and mp is the particle mass. Finally, the updated displace-
ment can be obtained as:

where �(t+Δt)
i

 is the displacement at (t + Δt) and �(t)
i

 is the 
displacement at t. For static analysis, mechanical damp-
ing needs to be taken into account to achieve the force 

(21)�̇
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i
= �̇

(t)

i
+

∑
�
(t)

i

mp

Δt,

(22)�
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i
Δt,

Fig. 4  Geometric model and 
computational model of the rec-
tangle plate with a side circular 
notch under tensile loading
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equilibrium as soon as possible. By doing so, Eq. (21) can 
be rewritten as:

where � is the dimensionless damping constant independ-
ent of the mechanical properties and boundary conditions 
( � = 0.6 in this work). The updated spring bond force can 
be performed when the elastic modulus and the Poisson ratio 
are given which are updated using the modified DC model. 
Using the similar principle of fabric stress calculations of the 
bonded DEM, the stress of the particle is given as:

where fi is the bond force component considering both the 
normal and shear interactions, lj denotes the length of the 
spring bond component, and V ′ is the particle’s represented 
volume, which is calculated as:

where ri and rj are the radii of current particle i and particle 
j, respectively, and V is the represented volume of the entire 

(23)�̇
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i
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(t)

i
+

{∑
�
(t)

i
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||
|
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||
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)}
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mp

,

(24)�ij =
1

2

∑ filj

V
�
,

(25)V
�

=
r3
i

∑
r3
j

V ,

computational model. The proof of Eq. (24) will be derived 
by using hyper-elasticity. It is noted that one single spring 
bond will be shared with two particles; therefore, the cor-
responding strain energy is equally shared. Therefore, for a 
given particle with its local lattice network, assuming that 
a simple strain deformation �ij is applied to the particle, its 
stored strain energy can be given as:

where kn is the normal stiffness, ks is the shear stiffness, and 
�i is the ith component of the normal vector of the lattice 
spring bond. Then, the particle stress can be derived using 
the hyperelastic theory as:

Unlike the bonded DEM, the calculation of stress requires 
a measurement sphere to get the average stress; Eq. (24) 
directly gives the particle stress. The accuracy of Eq. (24) 
will be verified in the following section. Now, all equations 
are ready for the NPNA using the DC-DLSM.

3  Verification

3.1  Elastic Boundary‑Value Problems

The stress definition stated by Eq. (24) is different from the 
classical definition in continuum mechanics which is used 
in the FEM. To check the feasibility of this stress calcula-
tion equation and the incremental equations developed for 
the DLSM, a typical linear elastic boundary-value problem 
was solved using the DLSM with the elastic modulus and 
the Poisson ratio set as constants during the calculation. 
The geometric model and the corresponding computational 
model of the DLSM are shown in Fig. 4. The dimensions of 
the model are 200 mm × 100 mm × 10 mm, with a circular 
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Fig. 6  Computational model of the tri-axial compressive test

Table 1  DC parameters 
obtained by automatic 
parameter acquisition

Material c (kPa) � (°) Ki n Rf G F D

Rockfill I 174.8082 37.9554 3563.1893 0.1837 0.9135 0.7329 0.3794 0.0258
Rockfill II 133.2169 38.1096 4049.4563 0.1601 0.9242 0.7868 0.3837 0.0197
Rockfill III 55.9083 33.0069 975.2387 0.1640 0.9619 0.2105 0.0029 0.1465
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notch with a radius of 20 mm, and monitoring points are put 
in the middle of the model (see Fig. 4a). A tensile load of 
1 MPa is applied to the right side of the model. The stress in 
the x-direction of the monitoring points is analyzed by the 
circular orifice model using both the DLSM and the FEM. 
In addition, two models with particle sizes of 0.5 mm and 
1.0 mm are built. The mechanical properties of the simulated 
model are as follows: elastic modulus 30 GPa, Poisson ratio 
0.3, and density 2450 kg/m3. The obtained results are shown 
in Fig. 5. The stress values obtained by the DLSM and the 
FEM basically agree with each other, and the smaller the 
particle diameter is, the higher the accuracy is. It is con-
cluded that the incremental equations and the fabric stress 
equation for the DLSM are applicable.

3.2  Tri‑axial Compressive Test of Rockfill Materials

In this section, the tri-axial compressive tests of rockfill 
materials are simulated by the DC-DLSM. The correspond-
ing experimental data of two rockfill materials (I and II) 
are taken from the work of Dong et al. (2013). These tests 

(a)  Axial strain versus deviatoric stress

(b) Axial strain versus volumetric strain
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results for rockfill I (Dong et al. 2013)
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were conducted at confining pressures of 300 kPa, 900 kPa, 
1500 kPa, and 2500 kPa. The computational model with 
boundary conditions is shown in Fig. 6. A cube with a side 
length of 20 mm is simulated, and the particle size is 1 mm. 
The corresponding experimental data are directly input into 
the numerical model. All the DC parameters obtained by 
automatic parameter acquisition are listed in Table 1. It is 
a typical three-dimensional boundary-value problem rather 
than the elemental test of the constitutive model. Similar to 
the physical tri-axial test, the stress and strain of the cubic 
specimen are calculated using the displacement and loading 
force history recorded in the loading boundaries. The strains 
are calculated as:

Fig. 10  The NPNA prediction 
of the relationship between the 
loading force and the displace-
ment of the notched specimen 
under tension and its failure 
process
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where uR
x
(t) and uL

x
(t) are the average displacements in the 

x-direction of the right and left surfaces of the cubic speci-
men, respectively, uT

x
(t) and uB

x
(t) are the average displace-

ments in the y-direction of the top and bottom surfaces of 
the cubic specimen, respectively, uF

x
(t) and uB

x
(t) are the 

average displacements in the z-direction of the front and 
back surfaces of the cubic specimen, respectively, and L∗ 

(28)�x =
uR
x
(t) − uL

x
(t)

L∗
,

(29)�y =
uT
y
(t) − uB

y
(t)

L∗
,

(30)�z =
uF
z
(t) − uB

z
(t)

L∗
,

is the effective length of the cubic specimen. The stress is 
obtained as:

where FT
y
(t) is the reaction force in the y-direction on the 

top surface of the cubic specimen, and L is the length of the 
cubic specimen. The numerical results of the DC-DLSM 
are plotted in Figs. 7 and 8. The corresponding experimen-
tal data are plotted together for comparison. We can con-
clude that numerical prediction of the relationship between 
the deviatoric stress and the axial strain can well match the 
experimental counterparts. However, the DC-DLSM would 
not provide a good fit over the volumetric strain and the axial 
strain, especially for the dilation and post-failure stage due 
to the intrinsic limitations of the DC model in represent-
ing volumetric dilation and of the DLSM in representing 

(31)�y =
FT
y
(t)

L2
,

Fig. 13  The geometric model 
and corresponding computa-
tional model of the Roadford 
Dam
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incompressible materials. Similar shortcomings also exit in 
other numerical methods such as the FEM (Dong et al. 2013; 
Wang et al. 2017).

4  Discussion

In this section, we will discuss some features of the DC-
DLSM. The main advantage of discrete models such as the 
LSM for rock mechanics is their ability to solve fracturing 
problems. From Eqs. (11) and (17), it can be seen that the 
fracturing methodology of the LSM is also inherited in the 
DC-DLSM. In this paper, the breakage of the correspond-
ing shear spring will occur simultaneously when the normal 
spring reaches the tensile deformation limit, and vice versa. 
That is, the corresponding normal spring will also break when 
the shear spring ruptures. Jiang et al. (2017) only considered 
the normal spring failure to reconstruct the shape and fracture 
toughness experiment of type I and mixed crack propagation. 

The effect of the shear spring failure on crack propagation is 
still unclear, so in this paper, we only consider the failure of 
the normal spring. In the following, one example is conducted 
to show the features of the DC-DLSM.

4.1  Fracturing of a Notched Specimen

The computational model and boundary conditions of a 
notched specimen under tension are shown in Fig. 9. The 
corresponding experimental data of the rockfill material I are 
provided by Dong et al. (2013). These automatic calculated 
parameters are also listed in Table 1. In this example, the 
tensile failure parameter is taken as 0.009 mm to mimic the 
bonded granular material with a tensile strength of approxi-
mately 0.48 MPa. It is possible to replace this tensile failure 
parameter with the corresponding experimental data such as 
the uniaxial tension test or the fracture toughness test. The pur-
pose of this example is to show the ability of the DC-DLSM 
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Fig. 14  The tri-axial compressive test data of the Roadford Dam (Fu 
et al. 2018)
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to capture the fracturing process. The automatic tensile failure 
parameter identification will be our future work. The numeri-
cal prediction is shown in Fig. 10. The fractured pattern of a 
straight line is observed, which is also experimentally observed 
for the typical notched specimens. This example shows that the 
DC-DLSM is still able to describe the fracturing problems.

4.2  Influence of Particle Size and Specimen Size

Although the computational power of modern computer has 
been advanced significantly, it is still insufficient to perform 
a full-detailed modeling of rockfill dams using discrete mod-
els. For example, the previous numerical simulation of tri-
axial compressive tests used a particle size of 1 mm. If the 
same size particles are used in engineering applications, a 
gigantic number of particles will be generated, which would 
result in huge computing costs. To check the applicability of 
NPNA with the DC-DLSM for engineering purpose, three 
tri-axial compressive numerical tests with side lengths of 
10 m, 20 m, and 40 m are conducted under a confining pres-
sure of 300 kPa for the rockfill material II, where the tri-
axial experimental data are provided by Dong et al. (2013). 
The particle size is taken as 1 m, the corresponding compu-
tational models are shown in Fig. 11, and all boundary con-
ditions are the same as those in the previous examples. It is 
noted that a very large-scale tri-axial test is unrealistic due to 
the cost, so numerical simulation can provide some insights. 
For example, from the numerical results shown in Fig. 12, 
we can conclude that the tri-axial test results of a smaller 
test (e.g., 10 m) would also capture some essential features 
of the large-scale test (e.g., 40 m). We can also conclude 

that the 40 m cube with a particle size of 1 m will show a 
response similar to that of a 20 mm cube with particle size 
of 1 mm; therefore, for engineering problems, it would be 
suitable for the DC-DLSM to use a large particle size to deal 
with engineering-scale problems.

5  Application

In this section, the feasibility of NPNA based on the modi-
fied DC model is further demonstrated by solving two engi-
neering problems.

5.1  Settlement of a Rockfill Dam

The settlement of dams is a very important problem in 
hydraulic engineering, and the DC model is widely used 
in the numerical analysis of dam settlement. In this part, 
taking the Roadford Dam (Hopkins et al. 2010) in Britain 
as an example, the NPNA based on the modified DC model 
is used to simulate the dam settlement during construction. 
As shown in Fig. 13, the geometric model (Hopkins et al. 
2010, Fu et al. 2018) and the computational model of the 
dam are listed, and monitoring lines are put in the middle of 
the model (see Fig. 13a), where monitoring line 1 and moni-
toring line 2 are for vertical displacements, and monitoring 
line 3 is for horizontal displacements. In addition, the entire 
dam construction process is divided into ten steps from bot-
tom to top (see Fig. 13b) during the numerical modeling; 
the filling is 4.5 m, and the particle size is 0.5 m. For the 
stability of the DC model, the initial pressure of the rockfill 

Fig. 16  The geometric model 
and the corresponding computa-
tional model of the dam
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material is taken as 100 kPa (atmospheric pressure). The 
tri-axial compressive test data of the rockfill material III 
are available publicly (Fu et al. 2018) and shown in Fig. 14. 

Additionally, the automatically calculated parameters are 
listed in Table 1. Figure 15 shows the numerical results of 
the numerical prediction of the DC-DLSM compared with 

Fig. 17  Numerical results of the dam under earthquakes at different horizontal accelerations
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the field observations (Fu et al. 2018). It can be concluded 
that the DC-DLSM can be used to predict the dam settle-
ment and horizontal displacement during the construction 
of the rockfill dam.

5.2  Fracturing of a Bonded Granular Dam

To further show the ability of the DC-DLSM to model fractur-
ing, a bonded granular dam under earthquakes is simulated. 
The applied loadings are vertical gravitational acceleration and 
horizontal acceleration. To mimic different earthquake magni-
tudes, the horizontal acceleration is equal to � times the gravi-
tational acceleration, e.g., 0.2 g, 0.5 g, and 0.8 g. In this paper, 
the quasi-static method is used to consider the effects of earth-
quake loads. As shown in Fig. 16, the geometric model and the 
corresponding computational model of the bonded granular 
dam are described, where the tri-axial compressive test data of 
rockfill material I provided by Dong et al. (2013) are used, and 
the particle size is 0.5 m. Moreover, the monitoring line is put 
into the middle of the dam to detect the total displacements of 
the centre line of the dam. The fracture parameter is estimated 
to be 0.02 m to characterize a tensile strength of approximately 
0.67 MPa. The corresponding results are shown in Figs. 17 and 
18. It can be seen that the bonded granular dam would fail from 
the dam heel when the horizontal acceleration reaches 0.5 g 
and is more serious at 0.8 g. Moreover, with the increase of the 
magnitude, the total displacements of the centre line of the dam 
increase sharply. This example demonstrates the applicability 
of the DC-DLSM for solving fracturing problems.

6  Conclusions

In this work, a preliminary solution called NPNA is 
developed to solve the parameter selection problem in 
discrete numerical models. The NPNA is realized by the 

implementation of the DC model into the DLSM. An auto-
matic parameter identification procedure is developed. The 
applicability of this new procedure and additional modi-
fication are conducted to ensure the overall performance 
of the DC model, which results in a modified DC model. 
The original DLSM is also tailored to an incremental form 
with a particle stress calculation scheme using the fabric 
stress rather than the Cauchy stress. From a number of 
numerical examples, we concluded that the incremental 
DLSM and the implementation of the DC model are fea-
sible and numerically stable. Moreover, the DC-DLSM 
also inherits both the advantages on solving fracturing 
problems from the DLSM and modeling the non-linear 
response of geomaterials from the DC model. The appli-
cability of using a large particle-size discrete model for 
engineering problems is also demonstrated. We concluded 
that with proper model parameters, a discrete model is also 
suitable for analyzing macroscopic engineering problems. 
Compared with the continuum-based model, the discrete 
model might be more feasible for solving fracturing prob-
lems. Nevertheless, the DC-DLSM still fails to predict the 
lateral deformation of materials with dilation and incom-
pressibility. Therefore, further research will include the 
development of a more generalized method for parameter 
selection and a more advanced constitutive model for the 
DLSM.
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